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Consideration is given to the possibility of overstability in the Couette flow of
viscous and elastico-viscous liquids. The relevant linear perturbation equations
are solved numerically using an initial-value technique. It is shown that over-
stability is not possible in the case of Newtonian liquids for the cases considered.
In contrast, overstability is to be expected in the case of moderately-elastic
Maxwell liquids. The Taylor number associated with the overstable mode
decreases steadily as the amount of elasticity in the liquid increases, and it is
concluded that highly elastic Maxwell liquids can be very unstable indeed.

Introduction

In the first two papers under the same title (Thomas & Walters 1964a,b)
it was shown that the presence of elasticity in an elastico-viscous liquid (and in
particular the ‘ Maxwell’ liquid) can be a significant destabilizing agent. Evidence
was also given which suggested that the principle of exchange of stabilities does
not hold for highly elastic liquids. In the present paper, this latter problem is
considered in some detail for a Maxwell liquid. It is shown that overstability
sets in much earlier (i.e. at a lower value of an elastic parameter k) than one
would have concluded from the earlier work. In fact, over quite a wide range
of the elastic parameter, two modes of instability are possible—the usual
‘stationary’ stability mode and an ‘overstable’ mode with a lower Taylor
number.

The problem of overstability in the Couette flow of Newtonian fluids has often
been posed (see, for example, Chandrasekhar 1961), but so far as the authors are
aware, no complete solution has appeared in the literature. This particular
problem is a special case of the one discussed in the present paper, and is con-
sidered in the discussion of the results in § 4.
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2. The basic equations

The particular elastico-viscous liquid considered in the earlier papers was that
designated liquid B’ by Walters (1964) with equations of statet

Pix = —Pdix + Pirs (1)

) t oxt oxk
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Pz, t) f_w F(8 1) 5 5 €077 (@, 8) A, (2)

where p;,, is the stress tensor, p an arbitrary isotropic pressure, g, the metric
tensor of a fixed co-ordinate system =%, ¢$}) the rate-of-strain tensor, and

W(t—t) = f * N e gy, (3)
0 T

In these equations, N(7)is the distribution function of relaxation times 7 (Walters

1960) and «"*(= 2" (x,t,t’)) is the position at time ¢’ of the element that is instan-

taneously at the point z¢ at time ¢. The Newtonian liquid of constant viscosity 7,

is a special case of liquid B’, obtained by writing}

N(r) = 1,0(7) (4)
in equations (2) and (3).

In the present problem, we shall consider the ¢ co-ordinate system to be a
cylindrical polar system (r, 8, z), the axis of the cylinders being along the z axis
and the inner and outer cylinders having radii r, and r,, respectively. We shall
further assume that the inner and outer cylinders rotate about their common
axis with angular velocities (), and Q,, respectively.

The ‘steady-state’ velocity distribution is given by (Thomas & Walters 1964a)

v =0, vy = V(T), vy =0, (8)

where V = Cr+ D|r, (6)
_ 3, -1 Q, _ r3r3(Q; — Q)

e i B = B )

Vg, Vi Vi being the physical components of the velocity vector.
We shall consider the behaviour of liquid B’ when the steady state described
by (5)-(7) is disturbed slightly, assuming a velocity distribution of the form§

Vi) = uei‘ﬂ, Vg = |4 +vei"‘, V) = wei"‘, (8)
1 Covariant suffices are written below, contravariant suffices above, and the usual

summation convention for repeated suffices is assumed.
1 & denotes a Dirac delta-function, defined in such a way that

8x) =0 (z%0), J.GD d(x) do = J.w 8(x) de = 1.
— o 0

§ In equation (8) and in subsequent equations, the real part is to be understood.
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where %, v and w are complex functions of » and z, whose powers higher than
the first can be neglected.t In parts 1 and 2, consideration was confined to the
case of neutral stability. It was also assumed that the principle of exchange of
stabilities was valid, so that ¢ could be set equal to zero inequation (8). In
the present paper, only neutral stability is assumed, which restricts o to be
real.

In order to determine the stress components corresponding to the velocity
distribution (8), it is necessary to determine the displacement functions z'?,
which we shall write as 7/, 0’, 2’. These are given by (cf. Oldroyd 1950, equation
(21))

or' or' g or or’

oY =0,
3t+v(’) 3r+ r 30-“;(“) oz
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Solving these equations for #’,0’, 2’, we obtain

’

r’ = r—u(e— et /ig,

V uwud/(V ) 1 . . v, ,

 — e (e PN - — [ — P\ piot _ _~ (pict__ ptolN| . (piol _ piol

0 =060—( t)r+i0'dr(r) [(t t')e io_(e e )] io‘r(e ete?),r (10)

’

2 = z—w(e— et [io.

In order to obtain the rate-of-strain components e®™"(2’,¢') that appear in the
equations of state (2), we first write down the rate-of-strain components for the
element at (r, 6, z) at time t; we then replace r, 0, 2z, t by 7', 8, 2’, ¢’ and use equa-
tions (10). In this way, we obtain

eWrr(y’ 2/ b)) = eWrr(r, 2, t,1') = (Su/or) e, }
e00(r’ 2" 1) = eWO(r,2,t,8') = (ufrd) e,

eV’ 2/ 1) = ey, 2,8, 1) = (0w/[dz) ™,

eWoz(y’ 2", t') = D03y 2,1, t') = r~Y(ov[oz) Pt (

eWrz(r’ 2ty = éVr*(r, 2,1, 1) = §[0u/0z + dw[or] e,

2
eVrB(p o7 1) = Dr(r 2 ¢ 1) = %[;_r (V) _,_53; (1’) giot _ % L [Z](em_ ew)] )

r r iodré|r

(11)

1 Shield & Green (1963) have recently critized linear stability analyses. However, we feel
that a linear analysis is justified in the problem under consideration (cf. Chandrasekhar
1961; Taylor 1923).
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Equations (10) and (11) can now be used to determine the physical components
of the partial-stress tensor. After much reduction, and use of (5)—(7), we obtain
.p,(rr) = 2,30(81&/37‘) e’ia’l, b

Do = BolOw/or + 3u/ oz) e,

Yo = @ei 2D3 ow iat_g_q (37’“_,_3“’ eiot,
Pea="Fog, LA P
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Peo = =72 77°+ﬁ078r (r) e ="z % (Br T )el 72 Vogy e (12)
, 8K, D 48Dk, u . 16D .
Pooy = +2ﬁ Wl+ rt 7:0'7' ol rl lv()a_e"/ ‘
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Where ’]]0 = fom N(T)dT, KO = fo TN(T)dTg ﬁ() = 0 iv-f-Ti)j:’ l

13
5 — © rN(t)dT _J“"’ TN (1)dT N = [’mT2N(Tld_T (13)
o= Jo Taior” 707 Jo Maior 707 )i Mvior®

It is convenient at this stage to make the usual assumption that the annular
gap between the cylinders is small compared with the radii of the cylinders (cf.
Taylor 1923; Chandrasekhar 1954; Thomas & Walters 1964a,5). Substituting
r = ry +dz, where d = r,—ry, and assuming that d/r is small, we have

C=rady2d, D=-—riaQ,/2d, C+D[r?=Q,(1+az),

where a = (,/Q;)— 1. On making this approximation in the equations obtained
by substituting the stress distribution (12) into the stress equations of motion,
we obtain

Q2

1 18 ) 12K,0
topu—20Q, p(1+ax) = — ap* ﬁo[ u u]

dor TP\ B TR e @
4Ny ®Qfou 20,ad [ov ol o 3ald u
d3 ox d? ox  iod ox 10

_ 2y [ raldou 3aldu 14)
> |ox iod ox o |’ (
aldy 1% o] yyra[1 %u &%
WPyt upr =g ﬂ"[dzaxﬁazz}“ild—l [ﬁa_xﬁﬁ]’ (15)
) ap* 1 2w Pw
pw = ——— + 5, [d2 5z T 8z2] (16)

where p* it is the additional pressure due to the disturbance. The associated

equation of continuity is 1ou ow

it e =0 17)
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We now make the further assumption that the disturbance velocities are
spatially periodic in the 2 direction. It is then possible to non-dimensionalize the
equations of motion by means of the following substitutions:

u = eRr; Q, x(x)sin Az, \
v = ery , v,(x)sin Az,
w = RBr; Q,(dy/dx) cos Az,
p* =11 Q(eR/d) py(x)sin Az, B =d*Qp[n, €= Ad,
= —2ar R*d, @ =d%0(n, Bo= PN, o= kolpd?
Yo = Yolpd?®, 8y = &olpd?, Ny = 1y NyJpd-.
Equations (14)—(16) become
iTx — 2v,(1 +ax) = —dp,/dx + B, V2 x — 2a(dv, [dz) [§y + T,)
+aT[2N,+ (3,/i7) — (V,/i) 1 dy/dx, (19)
v —§Tx = By Viv,—3T%, Vix, (20)
iody/de = —e2p, + P [d3x/da® — e2dy/dz], (21)
where V3 = (d?/dx?) — ¢2. The equation of continuity (17) is satisfied identically.
Eliminating p, between equations (19) and (21), and writing »; = v,/2¢* we

obtain ~ ~
10VE X +vo(1 +ax) = B, Vi x +a(dvy/dx) [6,+7,)

—ae?T[2N, + (3,/47) — (7,/i7)] dy/d, (22)
—1G0y+ fo Vivy = — TeX[x —7, Vix]. (23)

The boundary conditions to be associated with equations (22) and (23) are
vo=x=dy/dr=0 on x=0 and x=1 (24)

To proceed further, it is necessary to specify the distribution function N(7)
appearing in equations (3) and (13). In part 2 the discussion of the results was
confined to a consideration of one particular elastico-viscous model—the Maxwell
liquid with one relaxation time at r = A (say). For this liquid

N (1) = 7,0(1—A). (25)
In order to extend the work contained in part 2 and answer some of the questions
posed in that paper, we propose in the following to confine attention to the

Maxwell model.
Substituting (25) into (13) and writing k& = 5, A/pd?, we obtain

Bo = 1/(1+ick), Ko=k,

- — 26
8o = k/[L+ick], 7, =k/[1+iTk]%, N,=k2/[l+ick]3, (29)
and equations (22) and (23) reduce to
. 1 ak(2+i0k)dv, ac?Tk*(3+1ick)dy
2 = 4 270 A
wVixtol+ed) == iIXt G me de - (toRp do D

1 k '!
Y,  _Vep. = —Te2 —_—— 2
10V + 7 ik Viy, Te [x AT ok Vi X_. . (28)
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Equations (27) and (28) subject to (24) determine a characteristic-value
problem for the Taylor number 7 as a function of the wave-number ¢, 7, x and %.
When @ = 0, these equations reduce to those given by Thomas & Walters
(1964a,b) for the case of ‘stationary’ stability. In their work, Thomas and
Walters found that for sufficiently large %, no real values of 7" exist for any value
of ¢. In the present paper, it is shown that it is possible to choose a non-zero & for
which the Taylor number ¢s real.

When £k = 0, equations (27) and (28) subject to (24) are those governing
‘overstability ’ in Newtonian fluids,

3. The solution of the equations

The solution of the characteristic-value problem presented by equations (24),
(27) and (28) has been obtained numerically using an initial-value technique.
We first multiply equations (27) and (28) by 147k and separate the resulting
equations into their real and imaginary parts. Writing

X =Xr+iXp vo=vgptivy, T =Tp+iTy, (29)
we obtain
— (V3 X1+ TV xp) + (1 + ) (v — Thoy)
ak
1 +—2k2
oe2k?
- ( +52k2)2

dog,

=ViXpt+—ss o ok

{(2 + 7% 8 d”’}

d
oy AXR |~ —a7.00 X1
_ 72 AR 272y 2X1
[{(3 o2k?) g + k(5 +72k?) dx:TR
_{( — 72%ke) ‘Z’; — Tk(5+ T2K?) dXR} T] (30)
T(Vixg—0kVixy) + (1 +ow) (v, +0hvp)

dv; dvR}

= i+ oo {(2+—2k2) L5k
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—2k2
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+ {(3 _ 52k %%R + k(5 + 72k2) %: TI] , (31)
o(v;+0kvg) + Vivg = —é? [{XR ~Tky;— ’ITI;T]CQ (Vixr+okV3i XI): Ty
~ [+ oot~ 1 (i -7V T, (22
~ o= ko) + Vi = — [+ Tt s (V=79 00) T

_ k _
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The appropriate boundary conditions are
Xp=0dxXpldxr =vp=x;=dy;/dr=v,=0 on =0 and xz=1.(34)
Since equations (27) and (28) are linear and homogeneous and the boundary
conditions (24) are homogeneous, there is an arbitrary amplitude in the solution.
To remove this, we impose the further condition
d?xldx® =1+¢ at x=0,
ie. d®yglda? =1, d?y,/dx® =1 at x=0. (35)
This normalizing procedure ensures that derivatives of y and v, at the origin are
uniquely defined for any given characteristic value of 7. For convenience, we

write d3X = £+4¢ and ‘_iﬂ)

71 gzl ~ P (36)
and as a first approximation to one characteristic solution we choose
g = g(l)’ € = g(l), ﬂ = ﬂ(l)’ Y= ;}/(1), TR = T%): TI = T(Il) (37)

An initial-value problem is now defined by equations (30)—(33) with boundary
conditions

Xp = dxgp/dx = 0, diygpldx® =1, d3ygldx?®=£Y, v, =0, dog/de= ﬂ(l),l

¥r = dxylde = 0, d%y,/dx? =1, d3y;/da® =D, v, =0, dv,/dx=yD, J
(38)
at x = 0. We integrate this system of equations numerically using a standard
Runge-Kutta process as far as = 1. The numerical solution so generated will be
a function of £, ¢, B, v, T and T}, which we regard as continuous variables.

We require to satisfy conditions (34) at x = 1. It is therefore necessary to
determine what changes are produced at x = 11in yz, dyp/de, vz, X1, dx;/dx and
vy by small changes 6§, 6¢, 6, 8y, 6T and 6T} in &, §, B, v, T, and T}, respectively.
The necessary first-order corrections to the assumed values of £, §, §, v, T and T}
are obtained using Newton’s Rule. Thus, if the required characteristic values are
denoted by £, {®, fO O TY and TP, and if further

£O = £D 4 G, etc., (39)
we obtain, to first order
n % Wn  n ar MNa] [x]
o o o8 oy Ty T, Xz
%1 244 %1 %1 %3 o 8¢ X
ag aC 6ﬂ &y Ty T, 1
de g dx_R de k2 (dx_R) A (f&@) 4 (dXR> 58 W
g g ﬂ oy \ dx 0T \ dx oT, \ dx _ dz
dxl de o i& k2 (@) o (L‘Z&) 0 (dxz) &y x|
g § op \dx oy \dx 0Ty \ dx oTy \ dx dx
4l Pr Por g dr, g ST
E3 oL op oy Ty oT, R Vr
?ﬁ % % a_vl @I« Q’I_)l 8T v
| of g op oy Ty Ty JL | U1
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in which all functions are evaluated at z = 1 with = £§0,{ = {0, § = 0,y = y©,
Ty = T® and T; = TP. We obtain differential equations for the functions oy /0§
ete. by differentiating (30)—(33) with respect to &, {, 8, ¥, T and T} in turn. The
appropriate boundary conditions at x = 0 to be imposed on these equations are
obtained by likewise differentiating the conditions (38).

The initial-value problem now consists of a set of simultaneous differential
equations of order 84 subject to 84 conditions at « = 0. We integrate this set of
equations numerically as far as = 1, there obtaining the corrections to the
chosen values of £, {, 3, v, T and T} from (40). The whole process is then repeated
with £@ = £® 4 8¢, ete., and so on until a satisfactory convergence has been
achieved.

Pilot calculations were performed using an IBM 1620 computer with 20K
store. The amount of computation involved was however quite considerable and
each characteristic value required one hour of computer time for its evaluation.
Most of the subsequent results were obtained using the NIRNS Atlas computer
where each characteristic value could be found in approximately 3 sec.

4. Numerical results
(i) The viscous case

Chandrasekhar (1961) has considered the overstability of viscous fluids and has
concluded from his analysis that overstability is not possible for values of a
greater than — 1. No consideration was given to values of a less than — 1 and it
was pointed out by Chandrasekhar that it would be particularly worthwhile to
explore the case o = — 2.

Using the numerical method outlined in the last section, it has been possible
to consider values of « less than — 1. Particular attention has been paid to the
case o« = — 2. Figures 1 and 2 contain graphs of Ty, and 7} for « = — 2 and various
values of ¢ and &@. It will be observed that no real & exists (other than @ = 0) for
which 7} = 0, so that overstability is not possible for & = — 2.

Other values of @ were considered in less detail. From this work, it was con-
cluded that there was no likelihood of overstability down to o« = — 3 at least.
No values lower than — 3 were considered.

(ii) The elastico-viscous case

On account of the excessive computation involved in considering a series of
values of a, it was decided to confine attention to o = — 0-5 for illustration pur-
poses. The results contained in part 2 were first checked using the numerical
method outlined in §3. This involved setting & = 0 in equations (27) and (28).
Over the range where the approximate method used in part 2 was assumed to be
accurate, there was excellent agreement between the two methods. It was also
confirmed (cf. part 2) that for « = — 05, k£ = 0-8, & = 0, no real values of T exist
(i.e. Ty & 0) for any value of € (see figure 3). In part 2, this and other evidence
was taken to indicate that the principle of exchange of stabilities does not hold

for highly elastic liquids and overstability is possible. In the present paper, this
conclusion is confirmed.
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Figures 4 and 5 contain graphs of T, and 7} against @ for € = 3-0 and various
values of k. It will be observed that for sufficiently large k, there exists at least
one value of @ (other than & = 0) for which 7Y, is zero. When more than one such
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Fieure 1. Graphs of Ty against o for various values of ¢: @ = —2:0, k = 0.
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FicUure 2. Graphs of Tt against & for various values of €: &« = —2:0, k = 0.
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Fiaure 4. Graphs of Tk against ¢ for various values of k: @ = —0-5, ¢ = 3-0.
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Fiaure 6. Graphs of T% against ¢ for various values of k: & = —0-5.
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value exists, the particular value of interest is the one associated with the lowest
value of T',. This value of & will be denoted by &* and the corresponding value of

Ty, by T%.
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Figure 9. Graph of ¢, against k: ¢ = —0-5.
6 - ,, -7 - Qfﬁ,ab/
/ = \G\D]Od
/ -~ \Q
/ ~~_
! T~ -
/ -
1
4 /
o, //
/
/
/
/
26
|
I
]
}
I
i
1 $
0 05 1-0
k

F1cure 10. Graph of ¢, against k: & = —0-5.
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Figures 6 and 7 contain graphs of 7% and &* against ¢ for various values of %.
The critical Taylor number (7)) at which the laminar flow pattern breaks down
can be determined from figure 6 by calculating the minimum 7'§ for varying e.
Asin the case of the ‘stationary’ mode, the curves have a well-defined minimum
and no difficulty is encountered in determining 7}, and the corresponding value of
€ (e,). The critical value of & (¢,) can be obtained from figure 7 by reading off the
value of & corresponding to e,.

Having referred to the procedure adopted in determining 7),, ¢, and @, it is now
possible to summarize the major results of the present investigation by means of
three figures. Figure 8 contains a graph of 7, against &k and figures 9 and 10
contain the corresponding graphs for ¢, and @,. Also contained in figures 8
and 9 are the ‘stationary’ mode curves computed in part 2.

For values of k& up to (approximately) £ = 0-13, the only 7|, which exists corre-
sponds to a stationary stability mode. In this region, the presence of elasticity
in the liquid is a significant destablizing agent; the critical Taylor number falling
from 2275 at k = 0to 562 at & = 0-13. For higher values of k, a 7, exists for both
a stationary and an overstable mode. Since the critical Taylor number associated
with the overstable mode is always lower than that associated with the stationary
mode, it follows that overstability sets in at £ = 0-13 and is present for all higher
values of k. The ecritical Taylor number associated with the overstable mode
decreases steadily with increasing t and has reached 265 when k& = 1-0, so that
highly elastic Maxwell liquids can be very unstable indeed.

The conclusions reached in this series of papers refer to a particular elastico-
viscous model. However, the authors are of the opinion that consideration of
other (more complicated) models is not likely to lead to results which are any
less (or more) spectacular. It is therefore suggested that the next step must be
an experimental programme designed to verify that elastico-viscous liquids can
have stability characteristics which are grossly different from those for a
Newtonian liquid.

The authors are indebted to Dr R.H.Thomas for helpful comments and
suggestions.
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